ABSTRACT. A Kurzweil-Henstock type integral defined on a zero-dimensional compact abelian group is studied and used to obtain a generalization of some results related to the problem of recovering, by generalized Fourier formulae, the coefficients of convergent series with respect to the characters of such a group.
Introduction
In this paper, we study a Kurzweil-Henstock type integral defined on a zero--dimensional compact abelian group (see [7] ) and we use this integral to obtain a generalization of some results related to the problem of recovering, by generalized Fourier formulae, the coefficients of convergent series with respect to the characters of such a group.
In Section 2, we remind some definitions and facts on the structure of a zero--dimensional abelian group and on the theory of the Kurzweil-Henstock integral on such a group. In Section 3, we use the Perron approach to the Kurzweil--Henstock integral to obtain a generalized form of the theorem on recovering the primitive from the derivative. Then, in Section 4, an application to the series with respect to the characters of the above mentioned group is considered. The version of the coefficient problem for the system of characters, we are solving here, is a generalization of the one considered earlier for the Walsh and for the Vilenkin system (see [2] ).
In comparison with [7] , we are putting some weaker condition on the way of the convergence of the series, but, at the same time, we have to induce some stronger assumption related to the integrability of the sum of the series. 
Preliminaries
Consider a zero-dimensional compact abelian group G. It is known (see [1] ) that a topology in such a group can be given by a chain of subgroups
with {0} = +∞ n=0 G n . The subgroups G n are clopen sets with respect to this topology. As G is compact, G n (and so also all its cosets) is compact, and this implies that the quotient groups G/G n and G n /G n+1 are finite for each n. We denote by K n , n ≥ 0, any coset of the subgroup G n and, having chosen an element g ∈ G, we denote by K n (g) the coset of the subgroup G n which contains the element g, i.e.,
Let μ be the Haar measure on the group G, normalized so that μ(G) = 1. In our case it can be constructed by the usual Lebesgue method starting with a measure on the semi-ring constituted by the family of all cosets K n . We remind definitions of some generalized integrals on the group G. First, we introduce the construction of a derivation basis considered in [7] . For any function ν : G → N we define the set
Then, our derivation basis B is the family {β ν } ν where ν runs over the set of all natural-valued functions on G. In the terminology of the derivation basis theory, each coset K n , n ≥ 0, can be called B-interval of the rank n. This basis has all the usual properties of a general derivation basis (see [4] ). First of all, it has the filter base property:
• for every
Ò Ø ÓÒ 2.1º A β ν -partition is a finite collection π of elements of β ν , where the distinct elements (I , x ) and (I , x ) in π have
Our basis B has the partitioning property. It means that the following conditions hold:
• for each finite collection This property of B follows easily from compactness of any B-interval and from the fact that any two B-intervals I and I are either disjoint or one of them is contained in the other one.
Note that in the case of our basis B, given a point g ∈ G, any β ν -partition contains only one pair (I, g) with this point g.
The upper and the lower B-derivative of a real-valued B-interval function F at a point g are defined as
The B-derivative at g is
We say that a B-interval function F is B-continuous at a point g, with respect to the basis
The following Kurzweil-Henstock type integral was defined in [7] : [7] ).
We denote the integral value
We can also prove that a function equal to zero almost everywhere on L is H B -integrable with zero integral value. Therefore we have
Ä ÑÑ 2.1º If f is H B -integrable on L and f = h a.e., then h is also H B --integrable on L and the integrals coincide.
This justifies the following extension of the definition of H B -integral to the case of functions defined only almost everywhere on L. 
Perron approach to the H B -integral and the problem of recovering a primitive
Now, we remind the definition of a Perron type integral with respect to the basis B (see [6] ).
it is superadditive (subadditive) and the lower (upper) B-derivative satisfies the inequality
A function f is said to be P B -integrable on L if
where "inf" is taken over all B-major functions of f and "sup" is taken over all B-minor functions of f . The common value in (1) is denoted by (P B ) L f and is
If f is P B -integrable on a B-interval L then it is P B -integrable also on any B-subinterval K of L, and (1) holds for this K.
As in the case of a general derivation basis (see [4] ), it can be checked that, for our basis B, the H B -integral is equivalent to the P B -integral.
The following theorem was actually proved in [6] .
Ì ÓÖ Ñ 3.1º If a real-valued function f is H B -integrable on G then for any ε > 0 there exist a B-continuous B-major function M and a B-continuous B-
We note that, as a by-product of this theorem, we get that the Perron type integral, with respect to our basis, defined by means of B-continuity major and minor functions is equivalent to the one defined without the assumption of Bcontinuity of major and minor functions.
In order to prove the next theorem, we need several auxiliary statements. The first one is the following Ä ÑÑ 3.1º If for a superadditive B-interval function φ and for some B-interval
for some real number a, then we can find at least
for all i = 1, . . . , t and using the superadditivity of φ, we have
getting a contradiction.
where on G except on a countable set S, where φ satisfies the inequality
Having assumed this, we show that, for a certain m > n, there exist at least two
for every K r , where
be the only B-interval of rank n + 1 for which, according to Lemma 3.1, the inequality φ K holds. Then, by superadditivity of φ, we obtain
< 0. In the next step, in the same way, we can choose K
for which we have
Now, proceeding by induction, we construct a decreasing sequence of B-intervals {K n+s 1 } +∞ s=1 converging to a point g such that (3) holds for any r = n + s ≥ n, and at the same time,
Therefore,
On the other, hand passing to the limit in the inequality (4) when s → ∞, we obtain lim sup s→∞ φ K n+s 1 ≤ b < 0 and this obviously contradicts the inequality (2) at the points of the set S. So, we have proved the existence of at least two B-intervals satisfying the property described in (3).
For each of this two B-intervals obtained above, we repeat the previous argument getting four B-intervals with the corresponding property. Proceeding by induction, we obtain a continuum set of decreasing sequences of B-intervals convergent to a continuum set of points g where D B φ(g) < a. This is in contradiction with the countability of the set S.
Using Theorem 3.1, we obtain the following theorem on recovering a primitive.
Ì ÓÖ Ñ 3.2º Let an additive real-valued B-interval function F and a H B --integrable real-valued function f satisfy the inequality
everywhere on G except on a countable set S, where 
and
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Let Φ(K) = (H B ) K f dμ be the indefinite H B -integral of f . In view of the equivalence of the H B -integral and P B -integral, we have (see (1))
From (7) and from the assumption (5), we obtain
Combining this with (6), we obtain for each
So, all the assumptions of Lemma 3.2 are fulfilled for the difference M ε − F and we get M ε (K) − F (K) ≥ 0 for any B-interval K. In a similar way, we prove that
Since ε is arbitrary, we have
e. on G completing the proof.
Application to the series with respect to the characters
Let Γ denote the dual group of G, i.e., the group of characters of the group G. It is known (see [1] ) that under the assumptions imposed on G, the group Γ is a discrete abelian group with respect to the pointwise multiplication of characters.
Moreover, we can represent it as a sum of an increasing sequence of subgroups of finite order:
For each n ≥ 0 the group Γ −n is the annulator of G n , i.e.,
The following lemma can be easily proved (see [7] ).
The characters γ constitute a countable orthonormal system on G with respect to the Haar measure μ (see [1] ), and we can consider series γ∈Γ a γ γ with respect to this system.
We define a convergence of this series at a point g as the convergence of its partial sums of the form
when n tends to infinity.
We associate with the series γ∈Γ a γ γ a complex-valued set function F defined on each coset K n by
The above integral can be understood in the Lebesgue sense. It can be checked that F is an additive function on the family of all B-intervals.
Since by Lemma 4.1 the sum S n is constant on each
As a direct consequence of the above equality, we get the following ones
lim inf
The next theorem is a generalization of a similar one for the case of the Lebesgue integral and the Vilenkin-Price system (see [ 
everywhere on G except on a countable set S, where
hold. Then the series γ∈Γ a γ γ is convergent to f a.e. and it is the H B -Fourier series of f . P r o o f. Let F be defined by (8) . The conditions (9), (11) and (13) We remark that Theorem 4.2 is not true if we replace H B -integrability of the function f with Denjoy-Khintchine integrability (see [5] ), but it also becomes true in the Denjoy-Khintchine case if we put some additional hypothesis on the group and on the type of convergence (see [8] ).
In the conclusion we note that if we put some stronger assumption on the convergence of the series in the last theorem, we get a similar result in which the a priori assumption of H B -integrability of f can be dropped (see [7] ).
